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Abstract

The B106 American National Standards Committee Is
currently preparing a new standard for the design of trans-
mission shafting. A design procedure, proposed for use in
the new standard, for computing the diameter of rotating
solid steel shafts under combined cyclic bending and steady
torsion |s presented, The formula is based on an elliptical
variation of endurance strength with torque exhibited by
combined stress fatigue data. Fatigue factors are cited to
correct specimen bending endurance strength data for use
in the shaft formula. A design example illustrates how the
method is to be applied.

Introduction

The judicious design of power transmission shafting is
not only important from a machine reliadility standpoint but
from cost and energy conservation standpoints as well. Al-
though the prime design consideration is whether the shaft
will provide adequate service life, that is, whether it will
resist fatigue failure, it is seldom the only design consid-
eration. The shaft must also be stiff enough between sup-
ports to limit deflections of key power transfer elements
and sufficiently stiff to avoid vibrational excitation. How-
ever, our working knowledge in these other areas is more
complete in comparison to our limited knowledge of the fa-
tigue behavior of materials in shafting applications

Applying experimentally generated fatigue data to shaft-
ing design is certainly not a new approach. However, rarely
does the shaft designer have the appropriate fatigue data at
his finger tips which matches his application. Although
running screening tests on prototype parts is the most pru-
dent approach, very few organizations can afford the cost
and time associated with long term endurance testing. Usu-
ally the designer can consult a number of design references
(1, 2) containing shafting design formulas that give accept-
able designs for the majority of applications. However,
there is not always consistency from formula to formula.
There is often confusion as to which fatigue factors to use
and what importance to place on them.

Recognizing the need for a unified, national design
standard for power transmission shafting, the ASM’ orga-
nized the American National Standards Committee B106.
The Committee's objective is to replace the obsolete code
for the Design Transmission Shafting, ASA-B17C which was
officially withdrawn in 1954, [Its principal shortcoming was
that it did not directly consider flexure fatigue as the prin-
cipal failure mode. At present, the Bl106 Committee has
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analyzed several sets of published combined stress fatigue
data for alloy steels and has tentatively selected a design
method for computing shaft diameters for common loading
conditions. To provide additional experimental support for
a new shafting design standard, the B196 Committee has
proposed a test program to further quantify the effects of
combined reversed bending and steady torsional stress on
several common shafting steels. It is the purpose of this
paper to review the shaft design procedure proposed by the
B106 Committee and to (llustrate how it might be applied in
4 typical design application.

Fatigue Failure

Ductile machine elements subjected to repeat fluctuating
stresses above their endurance strength but below their
yield strength will eventuully fail from fatigue. The insldi-
ous nature of faitgue is that it oceurs without visual warning
at operating stresses below plastic deformation. Shafts
sized to avold fatigue will usually be strong enough to avoid
elastic failure, unless severe transient or shock overloads
oceur.

Fallure from fatigue is statistical in nature inasmuch
as the fatigue life of a particular specimen cannot be pre-
cisely predicted but rather the likelihood of failure based on
a large population of specimens. For a group of specimens
or parts made to the same specification the key fatigue var-
tables would be the effective operating stress, the number
of stress cycles and volume of material under stress. Since
the effective stresses are usually the highest at points along
the surface where discontinuities occur, such as keyways,
splines, and fillets, these are the points from which fatigue
cracks are most likely to emanate. However, each volume
of material under stress carries with it a finite probability
of failure. The product of these element probabilities (the
"weakest link" criterion) vields the likelthood of failure for
the entire part for a given number of loading cycles. This
is underlying reason why larger shafts generally have short-
er fatigue lives than smaller shafts under the identical
stress levels (1,2).

At present there is no unified statistical failure theory
to predict shafting fatigue. However, reasonably accurate
life estimates can be derived from general design equations
coupled with bench-type futigue data and material static
properties. Fatigue test data is usually obtained in a
rotating-beam tester under the conditions of reversed bend-
ing. The data generated from these machines are usually
plotted in the form of stress-life (5-N) diagrams. On these



d'agrams, the bending stress at which the specimens did

not fail, ater at least 10% cycles for steel, Is commonly
referred to as the endurance limit. Due to test data . ~atter,
the endurance limit values determine from 5 N diagrams
usually represent some sort of mean value and must be
statistically corrected for higher reliability levels as will
be discussed later. It is customary W consider that design
stresses less than the endurance limit will produce an
“infinite life design. This is misleading since no part can
have a 100 percent probability of survival.

Fatigue Under Combined Stresses

For applications where a simple fluctuating stress of
the same kind is acting, for example, a steady bending
stress superimposed on a reversed bending stress, a
soderberg failure line connecting the endurance strength
with the yield strength provides an acceptable design (1,2)
However, most power transmission shafting is subjected to
a combination of reversed bending stress (a rotating shaft
with constant moment loading) and steady or nearly steady
torsional stress. Although a large body of test data has
been generated for the simple stress condition, such as
pure tensile, Mexural or torsional stress, little informa-
tion has been published for the combined stress condition.
This is most likely due, in part, to the additional complex-
ity and cost in making a reliable, high speed combined
stress fatigue tester. However, some cyclic bending and
static torsional fatigue test data was reported by Kececloglu
and Lallf in (3) and Davies tn (4). In (3), the endurance
limit characteristics of notched AISI 4340 steel specimons
was determined for theoreticp) bending stress concentra-
tica factors of 1.42 and 2,34, In (1), 3=percent nickel and
nickel- chromium steel specimens were fatigue tested under
the same stress combination in a modified Wohler machine.
The results from both these experiments appears in fig. 1,
where the reversed bending strength for life greater than
10u cycles 5, is shown to decrease with an increase in
static shear stress By Ce asidering that either fatigue frac-
ture or torsional yielding represents failure, the following
elliptical relation reasonably fits the data:

(ab 2*/31\!-1 1)
5e) ()
In this equa‘ion, S Is the reversed bending endurance
strength of the test specimen under bending only and 8”,
is the toisional yield strength

The failure relation of eq. (1), is similar to that ob-
served by Gough and Pollard in (5) for rotating-beam spoci-
mens loaded under reversed bending in phase with reversed
torsion as shown in fig. 2. This data together with that
shown in fig. 1 are in reasonable agreement with the dis-
tortion energy or von Mises-Hencky failure criterion. This
theory predicts static elastic failure when the distortional
energy under combined stresses equals or exceeds that in
simple tension or bending. There is a great deal of experi-
mental evidence which Indicates that of all the failure
theories, the distortion-energy theory most accurately

predicts ylelding of ductile materials under static loading
However it is not clear why the distortion-energy theory
seems also to hold for some fatigue fallures as well,

The distortion-energy elliptical failure relation is not
the only one to be proposed for combined cyclic bending and
static torsion loading. The tests performed by Ono (6) and
Lea and Bodgen (7) suggest that the bending endurance
strength of steel Is unaffected by the presence of a static
torsional stress, even above the torsfoaal yleld strength
Based, in part, on this test information, Wellauer (8) rec-
ommends that the allowable bending endurance strength and
the allowable static torsfonal stress for gear drive shafts
be calculated separately. A comparison between separate
stress and combined stress shaft methods /s Hlustrated in
fig. 3. From a reliability standpoint, the combliaed stress
relation of eq. (1) will produce a slightly rore conservative
and thus safer design. However, the differences are not
great. . For most designs, the difference In shaft diaimcters
will be less than 15 percent.  The combined stress [atigue
data which the B106 Committee proposes to generate will
help clarify this mattes

staft Design Formula

For design purposes, allowable strength values must be
Incorporated into eq. (1) as follows:

LAPAAY .
av Y 4 ksuys = | <)
where
Bm allowable shaft endurance limit, psi = Hc/ Fs
s-ya allowable shaft torsional yield strength,
psi = ssva/ Fs
% reversed l_x-mlmg stress, psl= 22 Mhiwd:‘
S, mean torsional stiess, psi = 16 Tm/:rd"‘
Mb reversing bending moment, in-1b
T,m mean static torque, in-1b
d shaft diameter, in

Fs factor of safety

Rearranging eG. (2) and noting that for most wrought steels
8", - Sy 3 results in the following formula for computing
the diameter of rotating shafts under reversed bending and
steady torsional stress (less than torsional yield) with negli-

gible axial loading:

d= [”_zl.ﬂ @)

Eq. (3) is the basic shaft design equation proposed for the
B106 transmission shafting standard. It is also similar to
shaft formulas recommended by several design specialists,
v.g., (1,8), and identical to that appearing in (2) which was
derived theoretically from the distortion-energy failure
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theory ag applled lo fatigue loudlng valng the Sedorberg
eritorlon.

Patigoe Modifying Faelors

I o, (3), tho revorged bending strength of the shalt
{0 Lo designoed, By, s gencrally difforent than the endnrance
Tt of rotating-bonm spocimeny, Sru' commuonly lisled in
destmy tnbies such o in (16}, A putiaber of serviee faclove
biawo been tdentifiod By Mavtn (11} which can be dued to
wmodly the encorvected bonding eadurance Umit of leat
speeimen, Sm, g follows;

B, = l:ukbkukﬁle 13“{51-;3 i}
whore
8, gorvecied reverged bemding endurancs Hmilt of the
gt
80 vovorged bending enduranee limit of the rolanng-
Leam spoeimen
)t“ surfaee lnigh foclor

Ky, saza fuclar
K, roliabilily factoy

k temperature loctoy

ku duty eyelo factor

li{- fullgue strese concendenlion Inelor
kB’ misgeolltancows clieets ftclop

Af tho thvoe of this weiting, (he B1UG Committon haa not yed
made o fnal delermination of the values fue these fetors
which would! be sultulde for & ghall deslgn code.  “Ihe follow-
g disenssion i inlendod to beiefly highlipg values com-
monly lound foy these foclors in the open Werature and to
reloy the reador (o veferences where mave tndepth fnfor-
nuitton coi be found.

I&". surface tnelay. - 8lsee Ui shnfl surinee e the

most MWiely place (o1 Inligue cracks to siael, sitrlnce condl-
tion signifleantly alfoets enditraneo Uit oy shown in
fig. 4, from {13, “This gure 18 Lased on o compilation of
taat data from govoerad investigationy for a varicly of for-
vous metaly and alloys,  The Hguve shiows that Ui endui-
mnee eharacteristics of hMghor Llonglle strenpth sloels are
more advevsely olfectod by poover surlnee finish,

kb' slze factor. - There ls consklorvable exporimaontal

e e

avidenee thal e bonding and fovsion fatigre sirength of
hirge eiglncoring parts eah be algnttlcantly loss than tie
small lost spechmeny, 0,39 In, i dleneler (10,12}, This
slza elfeet 18 pterlboted Uis greator volume of matorinl up-
dor glress and thus, we gronter Hikelihood of eheountoring
u patential sathae inftiating defect fn the matevialfa motni-
lurgleal stractare,

Althouph hove is o ekt of complete grantitulive agree-
ment botween the wany nvestigoations of the influence of
akzo, (10} vocamum redg that a desigs allowance of 10 o
15 percend lowoey Dtiguo strength bo glven for specimeny of

ap to 2 in. i dinmeter.  For mackine pavty larger In danie
oler than ihls, oven n grentor reduction Ja fligue strength

may bo vequlved.  Accovdingly, the atze factor, kb enn Lo
suleeted ng follows:

kh Shalt dinmetor, in,

1.0 de 03
BG Licdxd0
<, 8 iy 2,0

I, relinbility fuetor. « Kven wnder woll controlled teat

conditions, 1t 1a elear that the unaviddable variablilty is the
preparation of test spocimens nnd tholy metailurgienl strues
ture will enuse o varlabllity i thele measured endurmcn
slrengiha,  Endurance Hnod dola published In standard do-
sl reforences vesunlly ropresent o syornge valug of ene
thiranen for the snmple of test gpechnens, Most deslgus
redqeive a much highod survival rate thay 60 poreent, that
fu {ho | cobalitlity that ot logst hall of the populstion will wot
Iil dn soevies.  Cossequently, enduranco il values mast
b vedueed by some amonnt te inerense yeliasbilily. The
amaunt of is roducton 8 dependent on the faflure distel-
batfon varve, Several design test, e.g., (1,2}, supgest
rellability favtors baged on "Nermal® or "Guussion” fallure
curves omn bo used when speeiflis test values are not avall-
able. A reliobility etor value, ke, = 0.0 by genorally eltod
for n 00 poveend suevival vale, based on an desumed stk
ard doviatlon of 8 pereent of tho endurance strength (4, 2),
Lite callmaled glandard deviation s cloge lo the recom-
mendod standnrd dovintlon of 7 poreent reporled by
Keeoclogin and Loll {3).

As an idtoraale Lo the noemal ateibution, the Weall
dlelribulion (12} should bo nvestignled, 3 i very effeetive
in representing volling-contact fatlgue for bearings and
poirs ad shoald (It shafting futiguo datn move elosely (han
eithor the normal ov log-narmal distribations,

k(!. temporature fnelor, « Operating lempevatires big -

er than aboul 308¥ 1 op lower than gboul 502 ¥ pan have a
sigollicant effeet on De Callgne Hinlt of slocls {9, Ac.ord-
Ing to the data presented in @3, of low temperntures (lo
~200" ¥} carbon and atloy steel bollk pogscss signiffeanty
srintor bending enduranco steengih. Ay the lemportture iy
serensed fo approshmaiely 700% 1%, carbon stosls acinplly
show a gmall improvement in endurance steength relative Lo
room tempurature values whilo the endurance strength ol
alloy stoel (AIS4346) slphtly decrease (21, At clovnled
lomporatures, above 800° T, the fulkgte vestslonee of bath
types of steels dropy sharply ns tho effects of eroep and
togs of malervinl streapth properiles become morve Pro-
notticed.

kﬁ, duty eyele faetov, — Shafts are seldem exposed tb

conglant londing In serviee, Stuvt-stop cycles, tematent
overloads, vibratlonal or shock loading mnd changes In the
load spectrum of e equipment driven by ths shaft musi bo
congidered by the design, The prineipal question 8 how
nwich endurenee strength (g 1eft in the shaft matovial which




has afvendy been exposed to evelle stresy for given mnnbor
of slress eyelog,

Becnuse fatlgue 1y o cwmulative stress oyele phenoie-
na, dvensfonn} stop-starl eyeles and teusient ovorloads
totnling & relatively fow stross eyeles would be expected to
hove retatively littie effeet on faligue e, A number of ex-
porimental Investigations reported in (13} indleate {hat ve-
pested npplieation of stredged below the fatiguo Hmlt, that
s undoratressing, may actuglly Improve the material'y en-
durpiee limit, Thats, for myllentlons whore the eyclie
slresges vary In magnitude, but pone exeeed the endurance
Hill Sre of the malorial, LI wonld provide & congervie
tion design. Nowevor, shafts subjocted {o stresses greater
than Bn‘u dhat {5 ovorstregsing for o significant numbor of
atress eyeles would mlversely affeel the maderial's e
mnea proporties (12), AL present, tho avallable dals is too
fnconatgtant to quantily the duty eyele faclor k@- for o of-
Tects of overstressing.  Reference (1) disensges o polentin-
1y uselul deafpgn mothod, which currently lneks sufilclent
supportive lest dotn, to graphiendly sdjust the endurance
limit on an S-N dlageams,  For overstiessing, some do-
sipnoers, o.g., (), wdvoeate a Miner's rule gr Hnear cymu-
Iative damage theory approaeh,  However, thers is somoe
experimental evidenes (135 whuch Indicales Hat the theory
generally pives slightly ovevoplimistie resulls for steels
when high sivesyes are applicd firet in the loading sequetice,

&p Intlgue streas concentration fnctor, - Experience

hs shown thal o ghafl fadfgue fallure slmost always ceeurs
at o noteh, hole, keyway, shoulder or otlivy discontinulty
where the elfcetive strosses have been amplified, The ef-
feet of g stress concentration on the endiuranes Hmit of the
shall is represented by the fat{gue slress cohcentration tae=
tor k[. whare

cihrnnee Jmit of the notehed speetmoen

a-l,

enctipanca JImit of 2 gpeelimen Leee of notghios Kp

kp= (G)

wnd whore K [ fatigue- strength veduction factor,

Esperimental data (12) fnclicute that low steength stecls
ave signifleantly less sensitive fn faligue (6 notehos than
bigh slrenglh steels, The neteh sensltivity, g, of materinl
cun be useld to relate fatigue slrength reduetion faetor Kp
e the theovelieal (statie) stross concenteation faclor l\'L
ng follows:

I\'f = +u(l\°t- 1} {6}

The wpproprinte theovetical stress concentyation [nelor,
Rt tr be uaed in o, (6} Is the value for bending, this ts
beeause tho foligue stregs coneontration [uetor, ke i used
to maodily the m_me!mcn's hending enduranee 1 it &w
Corroborating this appronch 18 the dita shown m Hg. 1 from
() whith wos gencepeated with two oifferent noteh geometeries
Ky = Lo and 2,34 fh bending) and yot followy the same
failure Hne ay given In eq. (1), Values [or “L and g can
be found Iy several design velerehees, such as 1,2, 10, 12).

l.:g. miscellaneouy faclore. - There are numerous mn-

torinl processing and serviee faetors which nve known to ln-
fluenee the enhurance chpraclertstles of the ghaft but hnve
nut yet been fully quantificd. ‘These Metors inetude, hoat
trontment processes such ng earburlielng, nitelding, famoe-
hardening, cte,, which erease surfaco strength. Cold
working processes, suel ay shiot peenlpg, vollibg and draw-
ing usunlly generate beneflelal veshiugl compr csslve
stregges, Voeaum-processing of the steel melt wenld pro-
vitle eloaner metalluvgieal steveture with less defeets and
tmproved ftlgue resistunee.  Stress corrosion and Seetbing
eorvosha, plating, and welding genoratly have an ndverso
affeet en emlurance, There are only gomo of the fctors
which should bo congldered when the appliention wakranly
ft. A morve thorough discunusion of these ond sther mipecl-
Laneous fotlgue factors can be found from several metal
{atipue references sueh ny (L0, 19).

Shnft Dealpn Examplo

The spinedlo detve shall shown In fig. 6 s to bo e
ehined fron AIS[-CL045 steel, cold deawn o n Brinell harde
hess of 217, The spilodle enrrler o steady tovue of 1600
in-1bg and volates ot 6 060 rpm under {he londs shown, Op-
erating temperatures aro expeeted not Lo exeeed 160° 7 and
the operatlng environment will be noncorrvosive, The shalt
18 to be designed for "inflsite? Hlo (grenter than 108 cyrios)
for a survival rate of 90 pereent,

The materind properties of cold drawn, AlSl-CLY4E
sleel are given in (1) as

B;y, = 80 gl

When test duda 18 not available for the endivance
strength of the matertal, 1t [s generally recommonde:d
{1,2,10,12) that the endurance Umit of pollshed steel speel-
meng with tensile strengths less than 200 600 psl can be
tilsen ag 50 poreent of the tenslle strenpth, By Thus the
wircorroeted endurines Hmil ean be estimated as:

5, = 103 ksi

Bo,= 0.5 Su = B1,6 hai
From {{g. 4, for o machined shalt with B, = 108 ket
kﬂ = {0,783

Estimuoting the shaflt dlameter tobe less than 2 in. but
greater than 0,3 In., ]‘b = (.85, The design callg for a
M pereent survival vole, so ch G0,

The temperature will not be elevabed, so I{d o],
The tovque loading iy applicd stondlly, so “c =],

Finally the eritical point along the shaft has been iden-
tifted at a shoulder of 178 . Mot radive,  (See flg. 6.
Tenlatlvely seleeting an estimated shaft diameler of
0.76 In,, the theovebieal bending stress concenlyatlon fic-
tovs for a shalt el (s Rt = 1.5 and noteh aensitivity fne.
Loy, & = 6. 87 for zlocl with Sﬂ = 108 kel and o fl6t vadlyg
= ), 186 in. from {2).




From edqe. (5 nnd ) we con ealewdnte the fatigue
gtress voncentrution fecle,

) fep 1 s 0,70
14087 (1.6~ 1)

Beemtge of e noncovrosive envivoninent el 10 G-
pend apevating condithons, st Itgﬁ '
Wo eun now deiermine the correetad enduries aly auplh
Ly wisihs of ¢}, )
8,4 k ﬁ‘ibk uk R u-k lkgbm
= (0, 750, 85) (0. 1) Q{250 7O (L (BL B

= 20,1 Rel

“Thoe bending mament. N‘b at the showlider g 108 In<Ib
s shown from B, 5i) and e lowgie Ty, 16 given og
1064 bta-ih.  In conventional design appiieationg, the mar.
win of satety sbowld be ol feast 100 poveent for & sale dos
sln, S0 the Factoy of Safety, V'S, can bo seb wqual ta 8,

With o, () and e above degtgn vaclales, e ree
guived shall dameior d i

; ) o BV
R s \*, nfa00e \" ot
11 B0 100 1400 uoe

w0, 61 In.

s dlametor ts somewhnl smaiier than teo rest cotls
male of £.75 v which was wied lo aeleck By, so0new
vine of K, con Bo selocled based on aiw 0,61 in. aod e
computntion 1 epeated.

Having determined the requived sholt diamcter to wilh-
gtand fatigue londing, « coleniation shuld be e o des
termine 1 this diameler i3 alse swlftelently Wi o pros
vont efastle talinve wder the severest lunding comiitions,
After deiermining that the ghalt s sufliciently stwng, B
nest stop woalid be lo caleulate shadt deflections, pavieatar-
iy the ghafl slope under the beartige asd lo eheck foe ertt-
feal gpeets.

Concluding Wemuarky

A simple destgn fovomla for compallng the dametor of
vt tng solid steol shalte under eytife bonding wni stoady
togque has bous presonted. Boconalders the exure {attguo
charnelpriglics of he stuit moteria) and makes allowaneesd
for apuiivation factoes which might vednce the enpdurinee
steenglh values Trow those chted i destge tedte for xltateend
relating-beam spectmons, The deslgu formula was predi-
cited o an elitpticen) combined streus fadluee relution de-
veluped fram Falipne test dota puldishod by two Independont
nvestipntors. ‘The design focmula can alao Lo thearetieally
dovived From e Jigtortion cuoriy' or va MisosHenekoy
fallure eviledlon, Based on the above, e proposed nwethoud
gooma 10 bo i rensonablo basts fov s pationst standard
shafl seleclion precedure. However the approach presenled
f8 T from butng comprehensive.  The effects of eonplux

stresges on Intiguo strengthe of welnly s not woll unders
atood,  More experimental daiz 18 noeded ta Inevease ¢oh-
fidepes i the proposod methud and to A1 In gops in our wi-
depetanding of lnetors which inlueneo Inllgb chienpth,

1 pecepnition of the work still peoded te by done, the
DBLOG Shafiing Stasdnrdy Comnitites bos eatob.shed i test
progran to lnvestigata he effvets of eyelie Beniling ond the
stendy torston on the fdigee chucacteistics uf several outin-
mon Industrial shaltiog steets, The effeets of mill condi-
don, baridnesy and bendbng-slress concentration will olse ba
exambined ag onddined fn e tesl mslels appenriog in table §
Crom (13)
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TABLE I. - TEST SPECIMEN MATRIX FOR B106 COMMITTEE'S COMBINED STRESS FATIGUE TESTS

(FROM REF. (13))

Case* | Material
— B
1 Alsl-1018
1 AlsI-1045
1nr AISI-1015
IAY Alsl- 1110
N Alsl- 1110
VI AlSI- 1110

Mill Tensile strength, psi|  Brinell Theoretical bending Cutoff
condition hardness | stress concentration limit,
Yield Ultimate number factor 106 cycles
Hot- rolled 13 000 65 000 113 1.90 6
Hot- rolled 39 000 98 000 212 1.00 6
Hot- rolled 59 000 98 000 212 2.00 6
Cold-drawn 50 000 102 000 223 1.00 6
Cold-drawn 90 000 102 000 223 2.00 G
Cold-drawn| 131 000 153 000 302 1.00 20.4

at 1000° F

*125 specimens are required for ecach case.
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Ni-Cr-Mo STEEL, AISI 4340 (FROM REF. (3])
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O 3.0% Ni STEEL (FROM REF. [4])
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Figure 1. - Combined stress fatigue test data for reversed
bending in comkination with static torsion.
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Figure 2. - Combined stress fatigue test data for reversed
bending in combination with reversed torsion (from
ref. [5]).
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MEAN TORSIONAL STRESS, S Figure 4. - Modifying factors for surface finish

(from ref. [1]).
Figure 3. - Comparison of combined stress and separate
stress desian methods.
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cigure 5, - Spindle drive shaft, Machined from AISI-C1045 steel
(cold drawn),



